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Abstract. A model operator H associated with tlie energy operator of a system de- 
scribing three particles in interaction, without conservation of the number of particles, is 
considered. The precise location and structure of the essential spectrum of H is described. 
The existence of infinitely many eigenvalues below the bottom of the essential spectrum 
of H is proved for the case where an associated generalized Friedrichs model has a res- 
onance at the bottom of its essential spectrum. An asymptotics for the number N{z) of 
eigenvalues below the bottom of the essential spectrum is also established. The finiteness 
of eigenvalues of H below the bottom of the essential spectrum is proved if the associated 
generalized Friedrichs model has an eigenvalue with energy at the bottom of its essential 
spectrum. 
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1. Introduction 

The main goal of the present paper is to give a thorough mathematical treatment of 
the spectral properties for a model operator H with emphasis on the asymptotics for the 
number of infinitely many eigenvalues (Efimov's effect case). The model operator H is 
associated with a system describing three particles in interaction, without conservation of 
the number of particles. 

The Efimov effect is one of the remarkable results in the spectral analysis for continuous 
three-particle Schrodinger operators: if none of the three two-particle Schrodinger opera- 
tors (corresponding to the two-particle subsystems) has negative eigenvalues, but at least 
two of them have a zero energy resonance, then this three-particle Schrodinger operator 
has an infinite number of discrete eigenvalues, accumulating at zero. 

Since its discovery by Efimov in 1970 1 12 1 many works have been devoted to this sub- 
ject. See, for example 1 2 7,9 13 29 33ll34ll35ll371. 

The main result obtained by Sobolev P3.3| (see also |3.5I|) is an asymptotics of the form 
Itol^o^lAII for the number of eigenvalues on the left of A, A < 0, where the coefficient IXq 
does not depend on the two-particle potentials and is a positive function of the ratios 
mi/m2, 7712/1113 of the masses of the three-particles. 

Recently the existence of the Efimov effect for iV-body quantum systems with iV > 4 
has been proved by X.P. Wang in |36|. 

In fact in 1 36 1 a lower bound on the number of eigenvalues of the total (reduced) Hamil- 
tonian of the form 

Co\log{Eo ^ X)\ 
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is given, when A tends to Eq, where Co is a positive constant and Eq is the bottom of the 
essential spectrum. 

The kinematics of the quantum systems of describing three quasi-particles on lattices is 
rather exotic. For instance, due to the fact that the discrete analogue of the Laplacian (or its 
generalizations) is not rotationally invariant, the Hamiltonian of a system does not separate 
into two parts, one relating to the center-of-mass motion and the other one to the internal 
degrees of freedom. In particular, the Efimov effect exists only for the zero value of the 
three-particle quasi-momentum K £ (see, e.g., 01 1^ |6l [n] |20| E] 1221 for relevant 
discussions and f 1 0" 11 " ' 1 6' '25 , '26' '28"3 1 "38' '40] for the general study of the low-lying 
excitation spectrum for quantum systems on lattices). 

In statistical physics (^123, solid-state physics l28l and the theory of quantum fields 
[151 some important problems arise where the number of quasi-particles is bounded, but 
not fixed. The study of systems describing n particles in interaction, without conservation 
of the number of particles is reduced to the investigation of the spectral properties of self- 
adjoint operators acting in the cut subspace IK'"-' of the Fock space, consisting of r < n 
particles 1 15, 27 28 39J. 

The perturbation problem of an operator (a generalized Friedrichs model), with point 
and continuous spectrum (which acts in CK'^' ) has played a considerable role in the spectral 
problems connected with the quantum theory of fields 1151 . 

In the present paper we consider the perturbation problem, with two- and three-particle 
essential and point spectrum. Under some smoothness assumptions on the parameters of a 
family of generalized Friedrichs models p G T'^ = (— tt, tt]'' we obtain the following 
results: 

(i) We describe the location and structure of the essential spectrum of H via the spec- 
trum of h{p), p e T'^. 

(ii) We prove that the operator H has infinitely many eigenvalues below the bottom of 
the essential spectrum a^ssiH), if the operator h{Q) has a resonance with energy at the 
bottom of its essential spectrum. Moreover, we establish the following asymptotic formula 
for the number N{z) of eigenvalues of H lying below z < ni ^ mi cTess (H) 

N(z) 

lim / ^ ,, = Ho (0 < Uo < (»). 

z^m-O I log |z — m|| 

(iii) We prove the finiteness of eigenvalues of H below the bottom of aess{H), if h{0) 
has an eigenvalue with energy at the bottom of its essential spectrum. 

We remark that the presence of a zero energy resonance for the Schrodinger operators 
is due to the two-particle interaction operators V, in particular, the coupling constant (if V 
has in front of it a couling constant) (see, e.g., 1 1 19 30 37 1 ). 

It is remarkable that for the generalized Friedrichs model h{0) the presence of a reso- 
nance with energy at the bottom of its essential spectrum (consequently the existence of 
infinitely many eigenvalues of H) is due to the annihilation and creation operators acting 
in the symmetric Fock space. 

We notice that the assertion (iii) is surprising and similar assertions have not yet been 
proved for the three-particle Schrodinger operators on or Z^. 

We remark that the operator H has been considered before, but only the existence of 
infinitely many eigenvalues below the bottom of the essential spectrum of H has been 
announced in 1 22 1 and only the location of the essential spectrum of H has been described 
in terms of zeroes of the Friedholm determinant in 1 23 1 in the case where the functions u, v 
and w were analytic. 
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The organization of the present paper is as follows. Section 1 is an introduction to the 
whole work. In Section 2 the model operator is described as a bounded self-adjoint op- 
erator H in M^^^ and the main results of the present paper are formulated. Some spectral 
properties oi h{p),p G are studied in Section 3. In Section 4 the location and structure 
of the essential spectrum of H is studied. In Section 5 we prove the Birman-Schwinger 
principle for the operator H. In Section 6 the finiteness of the number of eigenvalues of the 
operator H is established. In Section 7 an asymptotic formula for the number of eigenval- 
ues is proved. Some technical material is collected in Appendix A. 

Throughout the present paper we adopt the following conventions: Denote by the 
three-dimensional torus, the cube (— tt, tt]*^ with appropriately identified sides. The torus 

will always be considered as an abeUan group with respect to the addition and multipU- 
cation by real numbers regarded as operations on modulo (27rZ)^. 

For each 5 > the notation Us{0) = {p £ : \p\ < 6} stands for a 5-neighborhood 
of the origin. 

Let 'B{6, T^) with 1/2 < ^ < 1, be the Banach spaces of Holder continuous functions 
on with exponent 9 obtained by the closure of the space of smooth (periodic) functions 
/ on with respect to the norm 



sup 



\f{t)\ + \r'\fit + i)-fit)\ 



The set of functions / : T'^ ^ M having continuous derivatives up to order n inclu- 
sive will be denoted C(")(T3). In particular C'-^^T^) = C{T^) by our convention that 

/(o)(x)=/(x). 

2. The model operator and statement of results 

Let us introduce some notations used in this work. Let C = be the field of complex 
numbers and let L2{T^) be the Hilbert space of square-integrable (complex) functions de- 
fined on and L|((T^)^) be the Hilbert space of square-integrable symmetric (complex) 
functions on (T3)2. 

Denote by :H(3) the direct sum of spaces = C\ Jfi = L2iT^) andJCa = L|((T3)2), 
that is, = 0^0 ® 5^1 © 5^2- 

Let H be the operator in IK^^^ with the entries iJy : ^ ^K,, i, j = 0, 1, 2 : 

{Hoofoh = uofo, (^foi/i)o = J v{q')fi{q')dq', H02 = 0, 

T3 

H,o = {Hnfi)i{p) = u{p)Mp), {H,2f2)i{p) = J v{q')f2{p, q')dq', 

H20 = 0, H21 = i?i2, (i?22/2)2(p, q) = w{p, q).f2{p, q), 

where H*j : JCi ^ JCj,{j = i + l,i = 0,1) denotes the adjoint operator to Hij. 

Here /j e CK,, i = 0, 1, 2, wq is a real number, u is a real- valued essentially bounded 
function on T^, v is a real-valued function belonging to Z/2(T^) and w h a real- valued 
essentially bounded symmetric function on (T'^)^. 

Under these assumptions the operator H is bounded and self-adjoint in IK. 

We remark that the operators Hiq and H21 resp. Hoi and H12 defined in the Fock space 
are called creation resp. annihilation operators. 

Throughout this paper we assume the following additional assumptions. 
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Assumption 2.1. (i) The symmetric function w on (T'^)^ is even with respect to (j>,q), 
and has a unique non-degenerate minimum at the point (0, 0) G (T'^)^ and all third order 
partial derivatives of w belong to 13(0, (T^)^). 

(m) There exist positive definite matrix W and real numbers li, hih > 0, Z2 7^ 0) such 
that 



Assumption 2.2. The function u g C'^'^^i^'^) is even on T'^, has a unique non-degenerate 
minimum at the point G T'^ and the function v £'B{9, T'^), with 1/2 < 6 < 1, is even. 

Remark 2.3. In fact in the present paper we use only the condition v"^ G 23((?, T^). 

Remark 2.4. Note that if the function w resp. u is even and has a unique minimum at a 
point (pojPo) G (T'^)2 resp. pi G T^, then po — resp. pi = 0. Therefore, without loss 
of generality we assume that the function w resp. u has a unique minimum at the point 
(0,0) G (T3)2 resp. G T^. 



Set 



and 



m= min w{p,q), M— max w{p,q) 



Hp, = / , p G T^ z < m. 

w(p, t) — z 



T3 

Assumption 2.5. Assume that 

(i) The function A(-, m) has a unique maximum at p = gT^ . 

ii) There exist positive numbers S and c such that for all nonzero p G Us{Q) the inequality 

A(0, to) - A(p, to) > cp2 

holds. 

Remark 2.6. Let e be a real-analytic conditionally negative definite function on T'^ with a 
unique non-degenerate minimum at the origin and the function v G !B(0, T"^) is even and 

u{p) = e{p) + c, w{p, q) = e(p) + £{p + q)+ e{q) (2.1) 

for some real c. Then AssumDtions \2.1\\2.2\ and \2.5\ are fulfilled ( see Lemma \A.l\l . 

To formulate the main results of the paper we introduce a family of generalized Friedrichs 
model h{p), p £T^ which acts in 5{(2) = Jf q © Jf^ with the entries 

(/»oo(p)/o)o = u{p)fo, hoi = -^Hqi, (2.2) 
hio = fiQi, {hii{p)fi)i{q) = Wp{q)fi{q), 

where Wp{q) — w{p, q). 

Let the operator /io(p), p G act in IK^^) as 



hoip) 



fo \_(0 

fiiq) J \ Mq)fM 



The perturbation h{p) — ha{p) of the operator ha{p) is a self-adjoint operator of rank 2. 
Therefore in accordance with the invariance of the essential spectrum under finite rank 
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perturbations the essential spectrum aess{h{p)) of h{p) fills the following interval on the 
real axis: 

aessiKp)) = [m{p),M{p)], 
where the numbers m{p) and M{p) are defined by 

m(p) — Toinwip^q) and M(p) = maxw(p, q). 

Remark 2.7. We remark that for some p Q the essential spectrum ofh{p) may degen- 
erate to the set consisting of unique point [m(p), m(p)] and hence we can not state that 
the essential spectrum ofh{p) is absolutely continuous for any p . For example, if the 
function w is of the form ( 12. U . where 

e{q) = 3 - cosqi - cosq2 - cosq^, q = (gi, 92, gs) G 

and q = (tt, tt, tt) G T"^. 

The following theorem describes the essential spectrum of the operator H. 

Theorem 2.8. For the essential spectrum <Tess {H) of the operator H the equality 

aessiH) = (Jp^T3C7d{h{p)) U [m,M] 

holds, where ad{h(p)) is the discrete spectrum of the operator h{p),p G T'^. 

For any p G T"^ we define an analytic function (the Fredholm determinant associated 
with the operator h{p) ) A(p, z) in C \ [m(p), M{p)] by 

A(p,.)^«(p)-.-|/^^. (2.3) 
2 J Wp[q) - z 

T3 

Let (T be the set of all complex numbers z G C \ [m{p), M{p)] such that the equality 
A{p, z) — holds for some p G T'^. 

Remark 2.9. We remark that in 1231 the essential spectrum of the operator H has been 
described by means of zeroes of the Fredholm determinant defined in ( 12.31 1 and by the 
spectrum of multiplication operator H22 as follows: 

aess{H) = crU [m,M]. 

We note that the equality 

<T = Up^j3(Jd(h(p)) 

holds (see Lemma W^ . 

Definition 2.10. The set a resp. [m, M] is called two- resp. three-particle branch of the 
essential spectrum aessiH) of the operator H, which will be denoted by atwo{H) resp. 

^three 

The function Wo( ) has a unique non-degenerate minimum at g = (see Lemma |A.2> 
and hence by Lebesgue's dominated convergence theorem the finite limit 

A(0,m)= lim A(0,z) 

z — *m— 

exists. 
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Definition 2.11. Let part ii) of Assumptio mlJX be fulfilled and u(0) 7^ m. The operator 
hifi) is said to have an m energy resonance if the number 1 is an eigenvalue of the operator 



2(u(0) -m) J Wait) 



J3 



and the associated eigenfunction ip (up to a constant factor) satisfies the condition ip{0) 7^ 
0. 



Remarli 2.12, Let part (i) of Assumption YZ. l\ be fulfilled and v E "3(9, T^). 

(i) If u{Q) < m, then the equation h(0)f = mf has only the trivial solution / G © 

ii(T3). 

(a) Assume that u{0) > ni and A(0, to) = 0. 

a) If v{0) 7^ 0, then the operator h{0) has an m energy resonance and the vector f = 
ifo, fi), where 

fo = const ^ 0, fi(q) = ^ , (2.4) 

V2(wo((?)-to)' 

obeys the equation h{0)f — mf and hence f\ G -Li(T'') \ L2(T'^) {see Lemma U^ . 

b) lfv{0) — 0, then the number z — mis an eigenvalue of the operator h(0) and the vector 
f ~ ifo; fi): where fo and fi are defined by ( 12. 4t . obeys the equation h{0)f — mf and 
hence f\ G L^i!^^) (see Lemma \3.3\ . 



Let us denote by Tess (Ji) the bottom of the essential spectrum a^ss (H) of the operator 
H and by N{z) the number of eigenvalues of H lying below z < t^ss (H). 
The main result of this paper is the following 

Theorem 2.13. Let AssumDtions \2. U and U^ be fulfilled. 

(i) Assume that the number z — m is an eigenvalue of h{0) and let Assumption |Z5| be 
fulfilled. Then the operator H has a finite number of eigenvalues lying below t^ss (H) = 

TO. 

(ii) Assume that the operator h{0) has an m energy resonance and assume that part (i) 
of Assumption U~5\ is fulfilled. Then the operator H has infinitely many eigenvalues lying 
below Tess{H) = TO and accumulating at Tess{H) = to. Moreover the function N{-) 
obeys the relation 

N(z) 

lim ^ ' ,, ^1X0(0 <lCo < 00). (2.5) 

2^m-0 I log |Z — to| I 

Remark 2.14. The constant Uq does not depend on the function v and is given as a positive 
function depending only on the ratio (with li, I2 as in Assumption l2.ll . 



Remark 2.15. We remark that if the conditions ofTheorem \2.13\ are fulfilled, then 
inf aess(H) — m (see Lemma V^.3\ . 

Remark 2.16. We remark that in ||4l a result which is an analogue of part ( ii) of Theo- 
rem V2.13\ has been proven for the three-particle Schrddinger operators associated with a 
system of three-particles on lattices interacting by means zero-range pair potentials. 

Remark 2.17. Clearly, the infinite cardinality of the discrete spectrum of H lying on the 
l.h.s. of m follows automatically from the positivity o/Uq. 
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3. Spectral properties of the operators h{p),p e 

In this section we study some spectral properties of the family of generalized Friedrichs 
model h{p), p G given by (12. 2> . which plays a crucial role in the study of the spectral 
properties of H. We notice that the spectrum and resonances of a generalized Friedrichs 
model have been studied in detail in [5^ 18 1 . 

Lemma 3.1. For any p G T'^ the operator h{p) has an eigenvalue z G C \ M{p)\ 
if and only if A{p, z) = 0. 

Proof. lfu{p) e R\ [m(p), Mijj)] for any p e T"^, then the equation h{p)f = ni{p)f, f E 
has only trivial solution and hence the value u{p) e R \ [m{p), M {p)] can not be an 
eigenvalue of the operator h{p)^ where M is the set of real numbers. Therefore, the number 
z e C \ {[m{p), M [p)] U is an eigenvalue of the operator h{p),p e T'^ if and only 

if (by the Birman-Schwinger principle) the number 1 is an eigenvalue of the operator 

2{u{p) - z) J Wp{t) - z 

According to the Fredholm theorem the number A = 1 is an eigenvalue of the operator 
G(p,z) if andonlyif A(p, z) = 0. □ 

Lemma 3.2. Let part (i) of Assumption Un\ be fulfilled. The operator h{0) has an m 
energy resonance if and only if A{0, m) — andv{0) ^ 0. 

Proof. "Only If Part". Suppose that the operator h{0) has an m energy resonance. Then 
by Definition l2.11l the inequality m(0) ^ m holds and the equation 

/Mi,,, C(T») ,3,„ 

2[u(0) — m) J wo[t) — m 

T3 

has a nontrivial solution G C{T^) which satisfies the condition tp(Q) ^ 0. 
This solution is equal to the function v (up to a constant factor) and hence 

A(0,m) = .(0)-m-i / "'ff^' ^ 0- 
2 J wo[t) - m 

T3 

"If Part". Let the equality A(0, m) — holds and v{0) ^ 0. Then the inequality u(0) ^ m 
holds and the function v G C{T^) is a solution of the equation ( 13. 1> . that is, by Definition 
12.1 li the operator h{0) has an m energy resonance. □ 



Lemma 3.3. Let part (i) of Assumption Uj\ be fulfilled and v G 23(0, T^). The number 
z — m is an eigenvalue of the operator h{0) if and only ;/ A(0, m) = and u(0) = 0. 

Proof. "Only If Part". Suppose / = (/o, /i) is an eigenvector of the operator h{0) associ- 
ated with the eigenvalue z = m. Then /o and /i satisfy the system of equations 

r {u{Q) - m)/o + ^ / v{q')f^{q')dq' - 

<^ , T3 (3.2) 

I -j^viq)f„ + {w„iq)-m)f,{q) = 0. 

From (|^} we find that /o and /i are given by i2.4l and from the first equation of ( I3.2l i we 
derive the equality A(0, m) = 0. 

Since Wo (•) G (S'(3)(T3) and v{-) G 3(6*, T^) and the function wo(-) has a unique 
non-degenerate minimum at the origin we conclude that /i G L2{'T^) iff v{Q) — 0. 
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"If Part". Let t)(0) = and A(0, to) = 0. Then the vector / = (/o, /i), where /o and 
/i are defined by i2A\ . obeys the equation h{0)f = mf and /i e L2{T'^). □ 

Letw(-) e '3(6', T'^). Foranyp, g e and z < m the inequality — z > Oimplies 
the inequahty 

Wp{t) - z 
T3 

Since the function w{-, ■) has a unique non-degenerate minimum at the point (0, 0) G 
(T3)2 the integral 

— m 

T3 

is finite. The Lebesgue dominated convergence theorem yields the equality 

A(0, to) — lim A(p, to) 

and hence the function A(-, to) is continuous on T''. 
Lemma 3.4. Let part (i) of AssumDtion {2J\ be fulfilled. 

(i) Assume that max A(p, to) < 0. Then for any p E "S^ the operator h{p) has a unique 
eigenvalue lying on the l.h.s. of m. 

(ii) Assume that min A(n, to) < and max A(n, to) > 0. Then there exists a non void 

open set D CZ such that D ^ and for any p (£ D the operator h(p) has a unique 
eigenvalue lying on the l.h.s. of m and for any p E T'^ \ D the operator h(p) has no 
eigenvalues lying on the l.h.s. of m. 

(Hi) Assume that min A(p, to) > 0. Then for any p G T"^ the operator h(p) has no eigen- 

values lying on the l.h.s. of m. 

Proof. First we prove part (ii). 

Let min A(p, to) < and max A(n, to) > 0. 

Introduce the notation 

D = {peT^: A{p,m) < 0}. 

Since T"^ is compact and the function A(-,to) is continuous on T'^, there exist points 
Po,Pi G T"^ such that the inequalities 

min A(p, to) — A(po, 'ti) < and max A(p, m) = A(pi, to) > 

hold. Hence we have that D is a non void open set and D ^ T^. 

For any p E T'^ the function A{p, •) is continuous and decreasing on (— oo, to] and 

lim A(p, z) — +00. 

z — ^ — oo 

Then for any p G D there exist a unique point z{p) £ (— oo, to) such that A{p, z{p)) = 
0. By Lemma im for any p £ D the point z{p) is the unique eigenvalue of the operator 
h{p) lying on the l.h.s. of to. 

For any p E \ D and z < to we have 

A(p, z) > A{p,m) > 0. 

Hence by Lemma lTD for each p eT^\D the operator h{p) has no eigenvalue lying on 
the l.h.s. of TO. 
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If maxA(p, m) < (resp. min A(p,m) > 0), then D = (resp. D — $) and 

the above analysis leads again to the case [i) (resp. [Hi)). The straightforward details are 
omitted. □ 

Set 

<C+ = {z eC: Rez>0}, ]R+ = {a; € R : a; > 0}, M^^ = M+ U {0}. 
Let u;o(', •) be the function defined on [/^(O) x T"^, (5 > sufficiently small, as 

WQ{jp,q) = Wp{q + qo{p)) - m{p), (3.3) 

where go(-) e C^^\U&{Q)) and for any p e [/^(O) the point qo{p) is the non-degenerate 
minimum of the function Wp{-) (see Lemma lA!2t . Here C^"-' (^/^(O)) can be defined simi- 
larly to C("nT^)- 

For any p E Us{0) we define an analytic function D{p, C,) in C+ by 

v'^{q + qo{p))dq 



woip, q) + C 



D{pX)^u{p)-m{p) + C J ■ 

T3 

Lemma 3.5. Let Assumptions \2.1\ and \2.2\ be fulfilled. Then there exist a number 5 > Q 
such that 

i) For any C e C+ the function D{-, C) is of class C'-^^ ([/^(O)) and the following de- 
composition 

D{p,(:)^D{0,C)+D^'%pX), (3.4) 
holds, where D^^'^{p, = 0{p^) as p ~^ uniformly in ^ G MP^_. 

ii) The right-hand derivative of D(0, ■) at = exists and 

DiO, C) = £'(0, 0) + 2V2TT\^{0)i;^detWyH + D'-^'ic), 
where D''''^{Q = 0{C+^), C e M*[. 

Remark 3.6. An analogue lemma has been proven in |T| in the case where the functions 
w(-), 6(-) and w{-, •) are analytic on and (T^)^, respectively. 

Proof, i) Since m(-) e C^'^^ {Us{Q)) by definition of the function •) and Assumptions 
OandOwe obtain that the function !)(•, C) is of class C'^'^'^ {UsiO)) for any ( e C+. 
Using 

Mp.i) - \{Wq,q) + o(\p\\q\^) + o{\q\^) as \p\, \q\ ^ 

we obtain that there exists C > such that for any ( £ R'j_ and i,j — 1,2,3 the inequali- 
ties 



^2 1 



<^,P,qeUsiO) (3.5) 



and 

1 



dpidpj wo{p, q) + 

<C,p£Us{0),qeT'^\Us{0) (3.6) 



dpidpj wo{p, q) + (2 
hold. 

The Lebesgue dominated convergence theorem implies that 

-D{p,0)= \im ——D{pX). 



dpidpj ' c^o+ dpidpj 
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Repeating the application of the Hadamard lemma (see 1411 V.l, p. 512) we obtain 



d 



i=l = l 

where for any C G IR+ the functions Hij ( • , C) > * i J = 1 , 2 , 3 are continuous in Us {0) and 



1 .1 ^2 



dpidp. 



■D{xiX2P, C)dxidx2- 



The estimates ( I3.5> and i3.6\ give 

.1 ,1 32 



dxidx2 < C( 1 



v'^{q + qo{p))dq\ 



(75(0) 



for any p € [/^(O) uniformly in ^ € M^. 

Since for any ( € C+ the function D{-, is even in Us{0) we have 

^-D{p,0 



dpi 



= 0, i = l,2,3. 



p=0 



ii) Now we prove that there exists the right-hand derivative of 13(0, •) at = and the 
following inequahties 

\D{0,C)-D{0,0)\<CC, CeKl, 



£'(0,0 - ^£'(0,0)1 < CC^ CeM^t 



, d d 

hold for some positive C. 

Indeed, the function D{0, •) can be represented as 

D{0,C) = D,{C)+D2{O 

with 



(3.7) 
(3.8) 



^i(C) 



:dq, C e 



(3.9) 



and 



D2i0^uiO)-m + e-l: 



v\q) 
w;o(0,g) + C' 



dq, C e C+. 



Since the function wo(0, •) is continuous on the compact set T^^ \ [/^(O) and has a unique 
minimum at g = there exists M > such that |wo(0, q)\ > M for all 5 e \ Us{0). 
Then by v{-) S '3(9, T^) we have 

1^2(0-^2(0)1 <CC^ CeM^ (3.10) 

for some C = C{S) > 0. 

Applying the Morse lemma and computing some integrals we obtain that (see Lemma 
IA.5> there exists a right-hand derivative of Z3i(.) at ^ = and 



|z,.(0,^i„5.(O-A(0) 



c 



2V27r2?^ K^{0){detW)"^ 



and hence 

holds for some positive C. 



(3.11) 
(3.12) 
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Then from (I3.10> and ( 13.121 1 it follows that the right-hand derivative of D{0, •) at C = 
exists and 

^£'(0,0) = 2\/27r2;;"'i)2(0)(rfeW)-i 
Comparing ( I3.10> and ( I3.12> we obtain ( 13.71 1. 

In the same way one can prove the inequality ( 13. 8> . □ 

The following decomposition plays a important role in the proof of the the main result, 
that is, the asymptotics ( 12. 5> . 

Corollary 3.7. Let the operator h[Q) has an m energy resonance. Then for any p G 
Us{0),6 > sufficiently small, and z < m the following decomposition 

A{p,z) = 2V2TT^v^{0)l^^detW)~i ^/m{p) -z + A^"^\m{p) ~ z) + A^^^l {p, z) 



holds, where A^^'^\m{p) — z) (resp. A^^"' {p, z)) is a function behaving like 

0{{m{p) — z)^~) (resp. 0{\p\^)) as \m{p) — z| ^ (resp. p — > uniformly in z < m). 

Proof. By Lemma ll!2l we have that A(0, m) = and ?;(0) 7^ and hence the proof of 
Corollarv l3.7l immediatelv follows from Lemma l331 and equality 

A{p,z) = D{p, y/m{p)-z). a 

Lemma 3.8. Let the operator h{0) has an m energy resonance. Then there exist positive 
numbers c, C and d such that 

c\p\ < A{p,m) < C\p\ for any p e Us{0) (3.13) 

and 

A{p, m) > c for any p e \ Us{0). (3.14) 
Proof. Corollarv l3.7l and the asymptotics (see part (m) of Lemma lA.2> 

P - P 

m{p)=m+ ^ '^ {Wp,p) + o{p^) as p^Q (3.15) 
2/1 

yields ( I3.13> for some positive numbers c, C. 

The inequality (I3.14> follows from the positivity (see proof of Lemma lA3t and conti- 
nuity of the function A(-, rn) on the compact set T'^ \ Us{0). □ 

Lemma 3.9. Let the number z — mis an eigenvalue of the operator h{0). Then there exist 
numbers 6 > and c > such that 

\A{p,iri)\ > cp'^ for any p E Us{0) 
\A{p,m)\ > c forall p e \ Us{0). 

Proof. By Lemma l331 we have A(0, m) — and v{0) — 0. Then the function A(-, m) can 
be represented in the form 

A{p,m) = u{p) - u{0) + i(A(0, m) - A{p,m)). 



Then from Assumptions 12 . 21 and 12 .5 1 it follows that there exist positive numbers 6 and c 
such that the statement of the lemma is fulfilled. □ 
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4. The essential spectrum of the operator H 

4. 1 . The spectrum of the operator H. We consider the operator H acting in 

^C = L2(Tr3)eL2((Tr3)2)as 

^ N /"(p)/i(p) + ^/-(.')/.b,W\ 
The operator H commutes with any multiplication operator U.y acting in as 

rr ( hip) \ ( l{p)h{p) \ ^, ^ T /T3^ 

''Ahip^'i))^\iip)h{P,,))^^^'''^^ ^- 

Therefore the decomposition of the space "K into the direct integral 

'Si = j ®:k^^Up 

T3 

yields the decomposition into the direct integral 

H = j ®h{p)dp, (4.1) 

1-3 

where the fiber operators h{p),p £ are defined by i2.2\ . 
Lemma 4.1. For the spectrum (7(H) of H the equality 

a{H) = Up^T^adihip)) U [m, M] 

holds. 

Proof. The assertion of the lemma follows from the representation ( 14. 1> of the operator H 
and the theorem on decomposable operators (see 1321 '). □ 

Lemma 4.2. The essential spectrum (Jess{H) of the operator H coincides with the spec- 
trum of H, that is, 

a,ss{H)=a{H). (4.2) 

Proof. In 1231 it has been proved that the essential spectrum aess [H) of the operator H 
coincides with a U [to, M]. By Lemma l3Jl we have 

a = yjp^r^ a a{h{p)) 

and hence by Lemma lTTI we obtain ( 14. 2> . □ 

4.2. The structure of the essential spectrum of H. Let us introduce the following nota- 
tions: 

(7two{H) =yj.pf^Ya(Td{h{p)), a = inf 6 = sup CTi,„o(i7). (4.3) 

Since for any p e the function A(p, •) is decreasing in (M, +oo) by Lemma lTTI the 
operator h{p),p G T'^ either has a unique eigenvalue in {M, +oo) or not. It is easy to see 
that if A(p, M) < for all p G T^, then the operator h{p),p G T'^ has no eigenvalue in 
(M, +oo). 

Thus the location and structure of the essential spectrum of H can be precisely described 
as well as in the following 
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Theorem 4.3. Letpart [i) ofAssumDtion \2.i[ andAssumDtion \2.2\ be fulfilled and A( v. M) < 
for all p e T^. 

(i) Assume that max A(n, m) < 0. Then 

<Tess{H) — [a, h] U [to, M] and b < m. 

( ii) Assume that min A(n, to) < and max A(n, to) > 0. Then 

peT3 p6T3 

aess{H) — [a,M] and a Km. 
(Hi) Assume that min A(p, m) > 0. Then 

aess{H) = [m,M]. 

Proof. {{) Let max A(p, m) < 0. Then by Lemma 13741 for all p E the operator h{p) 

has a unique eigenvalue z{p) < to. 

By part (i) of Assumption 12. 1 1 and Assumption 12.21 and Lemma ITTI the map z : p E 

^ z{p) is of class C(2)(T3). 

Therefore the range Imz of the function z( ) is a connected closed subset of (— oo, m), 
that is, Imz = [a, b] and b < m and hence atwo{H) — [a, 6]. 

(ii) Let min A(p, m) < and max A(p, to) > 0. Then by assertion [ii) of Lemma l3.4l 

there exists a non void open set D such that for any p E D the operator h{p) has a unique 
eigenvalue z{p) < to. 

Since for any p E T'^ the operator /i(p) is bounded and T'^ is compact set, there exists a 
positive number C such that sup \ \h{p) \ \ < C and for any p E we have 

a(/i(p))c (4.4) 

For any q E dD = {p eT^ : A(p, to) = 0} there exist {pn} C D such that p„ g as 
n ^ oo. Set z„ = z[pn). Then by Lemma l3!4l for any p„ E D the inequality z„ < m holds 
and from ( I4.4> we get {zn} C [— C, m]. Without loss of generality (otherwise we would 
have to take a subsequence) we assume that z„ ^ zq as n ^ cx) for some zq E [— C, to] . 

From the continuity of the function A(-, •) in T'^ x (— oo, to] andp„ — > q and z„ — > zq 
as n — > oo it follows that 

0= lim A(p„,z„) = A(g, zq). 

n — *oo 

Since for any p eT^ the function A(p, •) is decreasing in (— oo, to] and q E dD we see 
that A(g, zq) = if and only if zq = m. 
For any (7 G dD we define 

z(g) = lim z{p) ~ to. 
P^g,pe-D 

Since the function z(-) is continuous on the compact set D U dD and z{q) = m for all 
q e 91? we conclude that 

Imz = [a, to] , a < m. 

Hence the set 

{z e atwo{H) : z <m} ^ Up^j3ad{h{p)) (-00, to] 

coincides with the set Imz ~ [a, to]. Then Lemma lTTI completes the proof of (ii). 

(in) Let min A(p, to) > 0. Then by Lemma 1341 for all p E the operator h{p) has 

pGT^ 

no eigenvalues lying on the l.h.s. of to. 
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Hence we have 

a{H) = [m,M]. 

So Lemma l4!2l complete the proof of Theorem l4.3l □ 

5. The BiRMAN-SCHWINGER PRINCIPLE 

In this section we prove an analogue of the Birman-Schwinger principle. 
For a bounded self-adjoint operator A, we define n(A, A) as 

n{\,A) = sup{dimF : {Au,u) > X, u e F, \\u\ \ = 1}. 

The number n{X, A) is equal the infinity if A is in the essential spectrum of A and if n(A, A) 
is finite, it is equal to the number of the eigenvalues of A bigger than A. By the definition 
of N{z) we have 

N{z) = n{-z, -H), -z > -T^ss{H). 

Since the function A(-, •) is positive on T"^ x {—oo,Tess{H)) there exists a positive 
square root of A{p, z) for any p G and z < t^ss (H) . 

In our analysis of the spectrum of H the crucial role is played by the compact operator 
T{z), z < TessiH) in the space Si*^^^ with the entries 

iToo{z)fo)o = {l-uo-z)fo, (roi(z)/i)o- / 
Tio(z)=T*i(z), (Tn(z)/i)i(p) 



Hp) f b{q')f{q')dq' 



J3 



Hqo 







( 


Hoi 

























H22 j 


\ 


H21 






2y/A{^J ^/A{^{w{p,q')-z) 

The following lemma is a realization of the well known Birman-Schwinger principle 
for the operator H (see Il4l l33ll35l l 

Lemma 5.1. For z < Tess (H) the operator T{z) is compact and continuous in z and 

N{z)^n{l,T{z)). (5.1) 
Proof. The operator H can be decomposed as 

H = 

The operator Ha — zl,i — 1, 2 is positive and invertible for z < Tess{H), where I is the 
identity operator on 3i. Hence there exist a square root of _Ri(z) = {Hu — zT)^^, i — 1,2. 
Then one has / e and {{H - zl)f, /) < if and only if ((M(z) - 1)5,5) > and 
9o = fo, 9i — {Hii — z)"^ fi,i = 1, 2, the operator M{z),z < Tess{H) has the entries 

(Moo(z)/o)o = {l-uo + z)fo, Moi(z) = -HoiRUz), Mi2(z) - (z)iJi2i?J (z), 
Mio(z) = M*i(z), M2i(z) = M*2(z), 

otherwise 

Mal3{z) = 0. 

It follows that 

N{z) =n{l,M{z)). (5.2) 
Let V{z), z < Tcss{H) be the operator in M^^^ with the entries 

Vii{z) = RUz)Hi2R2{z)H2iRf{z), otherwise Vafi{z) = M„^(z), a,f3^Q, 1. 
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A direct calculation shows that 

n(l,M(z)) (5.3) 

One has ^nd {{V{z) - I)(p, ip) > iff V-o = fo and V'l = i?f (2)<pi and 
(V'o,V'o)o + ((^^11 - < {Moo{z)ipo,tpo)o- 

-{HQiiPi,i;o)o - {Hio{z)i^o,^pi)i + (i?i2i?2 W-ff2iV'i, (5.4) 
where / is the identity operator on Jf^^^ . This means that 

n(l,y(z)) = n(-z,G(z)), (5.5) 

where 

—Hio Hi2R2{z)H2i — Hu 



G{z) 



Now we represent the operator H21 as a sum of two operators h'^2i and h'^2i acting 
from L2(T3) to L2{{T^f) as 

Since z < T^ssiH) for any p E the function A(p, •) is positive and hence the 

(2) 

operator Hu — z — Hi2R2{z)H\^' is positive and invertible and 

[Hu - z - Hi2R2iz)Hil^)--2 ^ i?fi(z). 

Now ip e JC*^^^ and the inequality i5.4l holds iff rjo ^ tpQ, rji ^ Rj {z)Lpi and {(T{z) - 
I)r], rj) > and hence 

n(-z,G(z)) = n(l,T(z)). (5.6) 
The equalities ^1^, (|53} and give 

Finally we note that for any z < Tess{H) the operator T{z) is compact and continuous 
in z. □ 

6. The finiteness of the number of eigenvalues of the operator H. 

Lemma 6.1. Let the conditions in part (i) of Theorem \2.13\ be fulfilled. Then for any 
z < m the operator T{z) is compact and is continuous from the left up to z — m. 

Proof. Denote by Q{p, q; z) the kernel of the operator rii(z), z < m, that is, 

Q(p, q: z) — , , 

Since the function v E 23(^?, T'^) is even and '!;(0) = we have \v{p)\ < C\p\^ for any 
p £ and for some C > 0. By virtue of Lemmas l3 . 91 and IA.41 the kernel Q{p, q; z) is 
estimated by 

IpI + r \q\ 

where xs{p) is the characteristic function of Us(Q). 

The latter function is square-integrable on (T'^)^ and hence we have that, for any z < m, 
Tii(z) is a Hilbert-Schmidt operator. 

The kernel function of 7ii(z) is continuous mp,q £ T^, z < m and square-integrable 
on (T'^)^ for z < m. Now the continuity of the operator Tii(z) from the left up to z = m 
follows from Lebesgue's dominated convergence theorem. 
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Since for all z < m the operators 100(2), Toi(z) and Tiq{z) are of rank 1 and continu- 
ous from the left up to z = rn we can conclude that T{z) is compact and continuous from 
the left up to z = m. □ 

We are now ready for the 

Proof of (i) of Theorem 12.131 Let the conditions in part (i) of Theorem l2.13l be ful- 
filled. By Lemma lsTl we have 

N{z) = n{l, T{z)), as z < TO 

and by Lemma l6Jl for any 7 e [0, 1) the number n{l — 7, T{m)) is finite. Then we have 

n(l, T{z)) < n{l - 7, T(m)) + 71(7, T(z) - T{m)) 

for all z < TO and 7 G (0, 1). This relation can easily be obtained by a use of the Weyl 
inequality 

n(Ai + \2,Ai + Ai) < n{\i,Ai) + n(A2, A2) 
for the sum of compact operators Ai and A2 and for any positive numbers Ai and A2. 
Since T{z) is continuous from the left up to z = to, we obtain 

lim N{z) = N{m) < n{l - -l,T{m)) for all 7 G (0, 1). 

z — >m— 

Thus 

iV(TO) < n{l - 7, T(to)) < 00. (6.1) 
The inequality (16. 1> proves the assertion {i) of Theorem l2.13l □ 

7. ASYMPTOTICS FOR THE NUMBER OF EIGENVALUES OF THE OPERATOR H. 



In this section we shall closely follow the A. Sobolev method 11331 to derive the asymp- 
totics (12. 5> for the number of eigenvalues of H. 

We shall first establish the asymptotics of n(l,T(z)) as z — > to — 0. Then part (m) 
Theorem l2. 1 3l will be deduced by a perturbation argument based on the following lemma. 

Lemma 7.1. Let A{z) — Ao(z)+Ai(z), w/zere ylo(z) {Ai{z)) is compact and continuous 
in z < m. Assume that for some function /(•), /(z) — > 0, z ^ —0 there exists the 

lim /(z)n(A,Ao(z)) = /(A), 

z—> — Q 

and is continuous in A > 0. Then the same limit exists for A{z) and 

lim f{z)n{X,A{z))=l{X). 
2— >— 

For the proof of Lemma fm see 

Lemma 4.9 of El- 

Remark 7.2. Since U{-) is continuous in /i > 0, according to Lemma \7J\ anv perturba- 
tions of the operator Ao(z) defined in Lemma UH] which is compact and continuous up to 
z = m do not contribute to the asymptotics (12. During the Section 7 we use this fact 
without further comments. 



By Assumption ^. 1 I we get 

w{p, (?) = TO+ i {h{Wp,p) + 2h{Wp, q) + li{Wq, q)) + 0{\pf+^ + |g|3+«) as p, g ^ 0. 

(7.1) 

By the representation ( I3.15> and Coi'ollai'v l3.7l we get 



^(P' ^) = -U-2 ^ mP.P) - 2(2 -m)]--+ 0((|p|2 + |z - to|)^) (7.2) 
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asp, \z — m| 0, where I — [If — 

Denote by x<5(') the characteristic function of Us{0) = {p E : {W'^pl < S}. 
Let T(5; |z — m|) be the operator in Jf^^^ defined by 

nS;\z-m\)^(^ I rn(<5;|!-m|) )' 
where the Tn (5; |z — rnj) is the integral operator in JCi with the kernel 

if (det W)Hs{p)xsmiWq, q) + 2\z - ml)' 

2Tr^{l{Wp,p) + 2\z - m\y/'^{li{Wp,p) + 2l2{Wp,q) + hiWq, q) + 2\z - m\) ' 
The main technical point to apply Lemma fTTl is the following 



Lemma 7.3. Let the conditions in part (ii) ofTheorem \2.13\ be fulfilled. Then the operator 
T{z) — T{S; \z — ml) is compact and is continuous in z < m. 

Proof. Applying the asymptotics (17. 2> and Lemmas l3 .81 and lA.41 one can estimate 

the kernel of the operator Tii(z) — Tn{S; \z — m|) by 

C^\pf , k\' , bl' + kr , \m-z\Hp^ + q^)-' 



'\p\2 \q\2 +g2)|^|2 (|p|2 + |TO-z|)4(|gf|2 + |TO-z|)4 

and hence the operator Tii{z) — \z — m\) belongs to the Hilbert-Schmidt class for 

all z < ni. In combination with the continuity of the kernel of the operator in z < m this 
gives the continuity of Tii(z) — rii(<5; \z — m\) in z < m. 

It is easy to see that Tqq{z), Tqi(z) and Tio(z) are rank 1 operators and they are con- 
tinuous from the left up to z = m. The details are omitted. □ 

Let us now recall some results from 1 33 1, which are important in our work. 
Let Sr : L2{{0, r), ctq) — > L2{{0, r), cto) be the integral operator with the kernel 

S{y;t) = (27r)-' J\ (7.3) 
cosh y + st 

and 

^2 1 ^ 

r^l/2\\og\z~m\\,y^x-x', t ^,77 >, ^,r/e §^ = (tf^)'' « = F' 

— ^2 ^1 

CTo = ^2(8^), §^ being the unit sphere in R^. 

The coefficient in the asymptotics of N{z) will be expressed by means of the self- 
adjoint integral operator S(A), A e K, in the space i2(§^) whose kernel depends on the 
scalar product t =< ^, 77 > of the arguments ^, 77 S and has the form 

_i smh[X{arccosst)] 



S(t;A) = {27:)-'lo 



(1- 52^2)5 sinh(7rA) 
For /i > 0, define 

+00 

U{fi) = {i7T)-' I n(pMy))dy. 

Set Ito C/(l). 

The following lemma can be proved in the same way as Theorem 4.5 in L33J . 
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Lemma 7.4. Let Sr be the operator defined in ( 17.3k Then for any /i > the equality 

lim ir"^n(/x,Sr) = [/(^i) 

holds. 

The following theorem is basic for the proof of the asymptotics ( 12. 5> . 
Theorem 7.5. Lef f/ie conditions in part (ii) ofTheorem \2.13\b e fulfilled. Then the equality 

|z-m|^0 |tO(7|z — m|| r^oo 2 

holds. 

Proof. As in Lemma l73l it can be shown that T{z) — T{5\ \z — m\) defines a compact 
operator continuous in z < m and this does not contribute to the asymptotics (12. 5> . 

The space of functions having support in lJs{^) is an invariant subspace for the operator 
Tii{5] \z - m\). 

Let {5; \z — m\) be the restriction of the operator Tii{6\ \z — m\) to the subspace 
L2{Us{0)). One verifies that the operator T^{5\ \z — m\) is unitary equivalent to the 
following operator T^{5; \z — ■m\) acting in L2{Us{^)) as 

271^ J hp^ + 2l2{p,q) + hq'' + 2\z - m\ 

UsiO) 

Here the equivalence is performed by the unitary dilation 

Y : L^iUsm -> L^mO)), (Y/)(p) = /((J-^p). 

The operator T^^\S; |z — to|) is unitary equivalent to the integral operator T^l'^ {S;\z — 
m\) : L2iUr{0)) L2(C/,.(0)) with the kernel 

f/^ (/p^ + 2)-i/4(/g2^2)-V4 
27r2 hp^ + 2l2{p,q) + liq'^ + 2' 

where r = \z — m\^i and Ur{Q) ~ {p eM.^ : \p\ < r}. 

The equivalence of the operators T^^\S; \z — to|) and T^l\d; \z — m|) is performed by 
the unitary dilation 

: L2ifJm) - U^VM). (B./)b) = 

r 

Further, we may replace 

{Ip" + 2)-i/4, + 2)-i/4 and hp'' + 2/2(p, g) + W + 2 

by 

respectively, since the error will be a Hilbert-Schmidt operator continuous up to z = to, 
where xi(') is a characteristic function of the ball \J\(fS). Then we get the integral operator 
T^f (r) on L2(J7r(0) \ C/i(0)) with the kernel 



2^2 l,p^ + 2l2{p,q)+liq'' 
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By the dilation 

M : L2(C/r(0) \ UiiO)) ^ L2((0,r) x ao), 

where (AI f){x,w) = e'^^^'^ f{e^w), x G (0, r), w G S'^, one sees that the operator 
^11 is unitary equivalent to the integral operator Sr . □ 

Proof of {ii) of Theorem 12.131 Let the conditions in part (m) of Theorem 12.131 be 
fulfilled. 

Similarly to P33l| we can show that 

IXo = (7(1) > / n(l, S(°) {y))dy > ^mes{y : S^°^ (y) > 1}, (7.4) 



An J Att 

— oo 

where S^^\y) is the multiplication operator by the number 

6(0)/ ^ ; smh{yarcsins) 

in the subspace of the harmonics of degree zero. 

The positivity of Uq follows from the facts that Iq > 1, 5^"^ (0) > 1 and continuity of 
S'^^^y). Taking into account the inequality ( 17.41 1 and Lemmas |5. II I7.4lf7.5l we complete 
the proof of (ii) of Theoi'em l2.13l □ 

Appendix A. 

Lemma A.l. Let the function v as in Assumption \2.2\ and the function w be defined by 
( 12. H and e be a real-analytic conditionally negative definite function on T'^ with a unique 
non-degenerate minimum at the origin. Then Assumntion \2.5\ is fulfilled 

Proof. It is known that the conditionally negative definite function e admits the (Levy- 
Khinchin) representation (see, e.g., |8|) 

sGZ<i\{0} 

which is equivalent to the requirement that the Fourier coefficients £(s) with s 7^ are 
non-positive, that is, 

e{s) < 0, s ^ 0, (A.l) 

and the series X]sez3\{o} ^(*) converges absolutely. 
If the function e( ) is real-valued, then the equality 

£[s)=e{-s), sel? (A.2) 

holds and hence 

£{p) = £(0) + e(s)(cos(p, s) - 1), p e T^. (A.3) 

sez3\{o} 

Thus £(•) is even on T'^. 

Since w and v are even the function A(-) is also even. Then from the equality 

^^^_^^_ w,{t)+w,{^t) ^ ^ £(.)(! + cos(g,,s))(l-cos(p,.)) 

sez3\{o} 
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we get 

A(0,m)-A(p,m)= ^ - cos(p, s) + (A.4) 

sez3\{o} 

where 

1 f {1 + cos{q,s))[wp{t) + w-p{t) — 2ni] 2, 



2 j {wp{t) - m)(w^p{t) - m){wo{t) - m) " 

T3 

B{p) = \ \ K(t)-z.-,WF 

47 (w;p(i)-m)(M;_p(i)-m)(woW-m) 

T3 

Let 5 > such that mes{(T'^ \ U^i^)) n swpp w} > holds. We rewrite the function 
s) as a sum of two functions 

1 /■ (1 + cos(g, + w^pjt) - 2m] 2/,^ 
= / 7 — T-T 77 7-T w 1.. TV {t)dt 

T3\(75(0) 

and 

2 J (Wp(t) - m)(w_p(t) - TO)(wo(t) - to) 

Since the function w has a unique minimum at (0, 0) and v e '3(6', T'^) we obtain that 
for all p e the function 

^ (1 - XA-(-))K(-) + w,p(-) - 2to] ^ 

(u;p(-) - to)(w_p(-) - TO^)(wo(-) - "i) 

belongs to Li(T'^), where X5(-) is the characteristic function of [/^(O). 
Then by the Riman-Lebesque theorem for all p e T^^ we have 

' cos(t.s)FM,i^^ as .s^oo 

T3 

and hence the inequalities 

mes{{J^ \ [/^(O)) n suvv «(•)} > 

and 

F{v, t) > for all p € and a.e. t € (T^ \ [/^(O)) n supp «(•) 
implies that 



T3 

Then from continuity of the function 



s)— > jF{p,t)dt>0 as s ^ CX3. 



t)dt 

T3 

on the compact set T'^ it follows that there exists Ci > such that Bi{p, s) > Ci, s E 
I?, p G T3. Since Bab, s) > 0, s e Z^, p e we have B{p, s) > Ci, s E I? , p E 
T^. Then according to ]3{p) > 0, p G and i{s) < 0, s e \ {0} (see (IaH ) the 
representations ( IA.3> and (IA.4> implies that 

A(0, to) - K{p, to) > Ci {e{p) - e(0)) 
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and since the function e has a unique non-degenerate minimum at the origin we obtain that 

A(0, m) - A(39, m) > C2/ (A.5) 
for some C2 > 0. The inequaHty ( IA.5t completes the proof of the lemma. □ 

Lemma A.2. Let AssumDtion \2J\ be fulfilled. Then there exists a S-neighborhoodUs{0) C 
T'^ of the point p = and a function qo{-) € C^'^\Us{0)) such that: 

(i) for any pCzUs{0) the point qo^p) is a unique non-degenerate minimum of Wp{-) and 

qQ{p)^--^P + 0{\p\^+') asp^O. (A.6) 
'1 

(ii) The function m(-) = w{-,qo{)) is of class qo{-) G C^^"^ {Us{0)) and has the asymp- 
totic s 

;2 _ 72 

m{p)^m+ ^-—^{Wp,p) + 0{\p\^+'^) as p^Q. (A.7) 

Proof, (i) The existence the number 6 > and a function go(') G C'^-* (^^(O)) such that 
for all p^Us{0) the point (7o(p) is the unique non-degenerate minimum point of u'p(-) can 
be proven by the same way as Lemma 3 in 1191 . 
The function go(') is an odd function in p g Us{0). 

Indeed, since w{-, ■) is even with respect {p, q) for all p £ Us{0) we obtain 

w^p{~qo{p)) = m{p) = m{-p) = W-p{qa{-p)). (A.8) 

Since for each p e Us{0) the point qo{p) is the unique non-degenerate minimum of the 
function Wp{-) by ( IA.8> we have qo{—p) — —qo{p), P G Us{0). 

The asymptotics iA.6\ follows from the fact that go(') is an odd function. The coefficient 
— is calculated using identity \jw{p, qo{p)) = 0, p E Us{0). 

(ii) By asymptotics ( 17. U . ( IA.6t and the equality m{p) = Wp{qo{p)) we obtain asymp- 
totics (TOt . □ 

Lemma A.3. //f/ie conditions of Theorem \2.1 3\ are fulfilled, then the operator h{p), p G 
T"^ has no eigenvalues lying on l.h.s. of m. Therefore, mi aess{H) = inf athree{H) = 
infatwoiH) = m. 

Proof. It suffices to prove that inf (Jtwo{H) = m. Let the conditions of Lemma lA. 31 be 
fulfilled. Since the function A(0, •) is decreasing on (—00, m) and the function u{-) (resp. 
A(-)) has a unique minimum (resp. maximum) at p = for all z < to and p e we have 

A(p, z) = u{p) - z - ^A(p, z) > u{0) - m - ^A(0, to). (A.9) 

If the operator h{0) has either a m energy resonance or the number z = to is an eigen- 
value, then by Lemmas 13.21 and [3.31 we have A(0,m) — 0. Hence by inequality iA.9i 
we conclude that A(p, 2) > for all p E and z < to. By Lemma ITTl the operator 
h{p), p E T'^ has no eigenvalues lying on l.h.s. of to. Thus, inf crtwo{H) = to. □ 

Lemma A.4. Let AssumDtion {2A\ be fulfilled. Then there exist numbers Ci, 02,0 j, > 
and S > such that the following inequalities 

(z) Ci{\p\^ + \qf)<wip,q)~m<C2{\p\^ + \qf) for all p,qEUs{0), 
{ii) w{p, q)-m> O3 for all {p, q) i U&{^) x [/^(O) 

hold. 
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Proof. By Assumption 12 . 1 1 the point (0, 0) G (T'^)^ is the unique non-degenerated mini- 
mum of the function w {■,■). Then by ( 17. Il l there exist positive numbers Ci, C2, C3 and a 
(5— neighborhood of p — G T'^ so that {i) and {ii) hold true. □ 

LemmaA.S. The right-hand derivative of Di{-) at ( ~ exists and the following equality 
—1)1(0) = 2V27r2;7^i;2(0)(deW)"^ (A.IO) 

Proof. We consider 

C/i(0) 

The function wo(0- ) has a unique non-degenerate minimum at (7 = 0. Therefore, by 
virtue of the Morse lemma (see L14J ) there exists a one-to-one mapping q = ip{t) of a 
certain ball W^(0) of radius 7 > with the center at the origin to Us{Q) such that: 

z«o(0,</'(t)) (A.12) 

with Lp{Q) — and for the Jacobian J^{t) G '3(6', Us{0)) of the mapping q — (p{t) the 
equality 

J^(0) = V2?j;'^(deW)"5 

holds, where 3(6*, [/^(O)) can be defined similarly to '3(6, T^). 

In the integral in ( lA.l It making a change of variable q — (p{t) and using the equality 



(IA.12> we obtain 



Going over in the integral in ( IA.13t to spherical coordinates t = rtj, we reduce it to the 
form 



with 

F{r) = / iP{(p{rLu))J^{ruj)dLU, 

where is the unit sphere in R'^ and du; is the element of the unit sphere in this space. 
Using V, G 'B(e, Us(0)) we see that 

|F(r) -F(0)| < Cr^ (A.15) 

Indeed. Since u, G 23(0, Us{0)) for any p G Us{Q) there exists C > such that 

Hp)-vm<C\p\' and I J^(p) - J^(0)| < 

Thus 

|F(r)-F(0)| < / \v''{ip{ruj))-v''{0)\\J^{ru)\duj+ [ \v'^(0)\\J^{ruo)-J^{0)\duo < Cr' 
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The function Di {(,) — Di (0) can be rewritten in the form 

r7 /■2 



_3 J rl /-^j 

Di{C)-Di{0) = 2V2Trl^'v^{0)idetW)-^ 4 — 7^+ (A-16) 

Jo f + C 

^2(0) n CHF{r) - FiO)) 



2 Jo r^+e 
By inequaHty jA.15> we have 



-dr. 



' ^ ^ ^ '^dr<C -^dr. (A.17) 



Computing the integrals 

dr and / — -dr 



we obtain 



r2^dr^ \ as(:^Q+ and _^dr ^ as C - + . (A.18) 

Hence by the equahty ( IA.16> and the inequahty \A.\1\ we have that there exists a right- 
hand derivative of Di{-) at C = and the equahty ( IA.10> holds. □ 

Acknowledgement 

The authors would like to thank Prof. R. A. Minlos and Prof. H. Spohn and Dr.Z. I. Mu- 
minov for most stimulating discussions on the results of the paper. This work was sup- 
ported by DFG 436 USB 113/4 and DFG 436 USB 113/6 projects and the Fundamental 
Science Foundation of Uzbekistan. The last two named authors gratefully acknowledge 
the hospitality of the Institute of Applied Mathematics and of the IZKS of the University 
of Bonn. 



References 

[1] S. Albeverio, F. Gesztesy and R. H0egh-Krohn: The low energy expansion in non-relativistic scattering 

theory, Ann. Inst. H. Poincare Sect. A (N.S.) 37 (1982), 1-28. 
[2] S. Albeverio, R. H0egh-Krohn and T. T. Wu: A class of exactly solvable three-body quantum mechanical 

problems and universal low energy behavior, Phys. Lett. A 83 (1971), 105-109. 
[3] S. Albeverio, S. N. Lakaev, K. A. Makarov: The Efimov Effect and an Extended Szego-Kac Limit Theorem, 

Letters in Math. Phys, V. 43 (1998), 73-85. 
[4] S. Albeverio, S. N. Lakaev and Z. L Muminov: Schrodinger operators on lattices. The Efimov effect and 

discrete spectrum asymptotics. Ann. Henri Poincare. 5, (2004), 743-772. 
[5] Zh. L Abdullaev, S. N. Lakaev: On the spectral properties of the matrix-valued Friedrichs model. Many- 
particle Hamiltonians: spectra and scattering, 1-37, Adv. Soviet Math., 5, AMS., Providence, RL 1991. 
[6] J. I. Abdullaev, S. N. Lakaev: Asymptotics of the Discrete Spectrum of the Three-Particle Schrdinger 

Difference Operator on a Lattice, Theoretical and Mathematical Physics 136 (2003), No. 2, 1096-1 109. 
[7] R. D. Amado and J. V. Noble: Efimov effect; A new pathology of three-particle Systems, IL Phys. Lett. 

B.35. No.l, 25-27, (1971); Phys. Lett. D.5. No.8, (1972), 1992-2002. 
[8] Berg C, Christensen J. P. R. and Ressel P.: Harmonic analysis on semigroups. Theory of positive definite 

and related functions. Graduate Texts in Mathematics, Springer- Verlag, New York, 1984. 289 pp. 
[9] G. F. Dell'Antonio, R. Figari, A. Teta: Hamiltonians for systems of N particles interacting through point 

interactions, Ann. Inst. H. Poincare Phys. Theor 60 (1994), no. 3, 253-290. 
[10] P. A. Faria da Veiga, L. loriatti and M. O'CarroU: Energy-momentum spectrum of some two-particle lattice 

Schrodinger Hamiltonians, Phys. Rev. E (3) 66, (2002), 016130, 9 pp. 
[11] G. M. Graf and D. Schenker: 2-magnon scattering in the Heisenberg model, Ann. Inst. H. Poincare Phys. 

Theor 67 (1997), 91-107. 

[12] V. Efimov: Energy levels of three resonantly interacting particles, Nucl. Phys. A 210 (1973), 157-158. 



24 



SERGIO ALBEVERIO^ SAIDAKHMAT N. LAKAEV*, TULKIN H. RASULOV ^ 



[13] L. D. Faddeev and S. P. Merkuriev: Quantum scattering theory for several particle systems, Kluwer Aca- 
demic Publishers, 1993. 

[14] M. V. Fedoryuk: Asymptotics of integrals and series [in Russian], Nauka, Moscow (1987). 
[15] K. O. Friedrichs: Perturbation of spectra in Hilbert space, 1965, AMS., Providence, Rhode Island. 
[16] Yu. G. Kondratiev and R. A. JMinlos: One-particle subspaces in the stochastic XY model, J. Statist. Phys. 
87 (1997), 613-642. 

[17] S. N. Lakaev: On an infinite number of three-particle bound states of a system of quantum lattice particles, 

Theor. and Math. Phys.89 (1991), No.l, 1079-1086. 
[18] S. N. Lakaev: Some spectral properties of the generalized Friedrichs model, (Russian) Trudy Sem. Petrovsk. 

No. 11 (1986), 210^238, 246, 248; translation in J. Soviet Math. 45 (1989), no. 6, 1540-1565. 
[19] S. N. Lakaev: Bound states and resonances fo the N-particle discrete Schrodinger operator, Theor. Math. 

Phys. 91 (1992), No.l, 362-372. 
[20] S. N. Lakaev: The Efimov's Effect of a system of Three Identical Quantum lattice Particles, Funkcionalnii 

anaUz i ego priloj. , 27 (1993), No.3, pp. 15-28, translation in Funct. Anal.Appl. 
[21] S. N. Lakaev and J. I. AbduUaev: The spectral properties of the three-particle difference Schrodinger 

operator, FunctAnal. Appl. 33 (1999), No. 2, 84-88. 
[22] S. N. Lakaev and T. Kh. Rasulov: Efimov's Effect in a Model of Perturbation Theory of the Essential 

Spectnun, Funct. Anal. Appl. 37 (2003), No. 1, 69-71. 
[23] S. N. Lakaev and T. Kh. Rasulov: A Model in the Theory of Perturbations of the Essential Spectrum of 

Multiparticle Operators, Mathematical Notes, 73 (2003), No 3, 521-528. 
[24] V. A. Malishev and R. A. Minlos: Linear infinite-particle operators. Translations of Mathematical Mono- 
graphs, 143. AMS, Providence, RI. 
[25] D. C. Mattis: The few-body problem on lattice, Rev.Modem Phys. 58 (1986), No. 2, 361-379. 
[26] R. A. Minlos and Y. M. Suhov: On the spectrum of the generator of an infinite system of interacting 

diffusions. Comm. Math. Phys. 206 (1999), 463^89. 
[27] R. Minlos and H. Spohn: The three-body problem in radioactive decay: the case of one atom and at most 

two photons, Amer. Math. Soc. Transl.(2) 177 (1996), 159-193. 
[28] A. I. Mogilner: Hamiltonians of solid state physics at few-particle discrete Schrodinger operators: problems 

and resuhs, Advances in Sov. Math., 5 (1991), 139-194. 
[29] Yu. N. Ovchinnikov and 1. M. Sigal: Number of bound states of three-particle systems and Efimov's effect, 

Ann. Physics. 123 (1989). 274-295. 
[30] J. Rauch: Perturbation theory for eigenvalues and resonances of Schrodinger Hamiltonians, J. Funct. Anal. 

35(1980), no. 3, 304-315. 

[31] M. Reed and B. Simon: Methods of modem mathematical physics. Ill: Scattering teory. Academic Press, 
N.Y., 1979. 

[32] M. Reed and B. Simon: Methods of modem mathematical physics. IV: Analysis of Operators, Academic 
Press, N.Y., 1979. 

[33] A. V. Sobolev: The Efimov effect. Discrete spectnmi asymptotics, Commun. Math. Phys. 156 (1993), 

127-168. 

[34] H. Tamura: The Efimov effect of three-body Schrodinger operator, J. Funct. Anal. 95 (1991), 433^59. 
[35] H. Tamura: Asymptotics for the niraiber of negative eigenvalues of three-body Schrodinger operators with 

Efimov effect. Spectral and scattering theory and appUcations, 311-322, Adv. Stud. Pure Math., 23, Math. 

Soc. Japan, Tokyo, 1994. 

[36] X. P . "Wang: On the existence of the N- body Efimov effect, J. Funct. Anal. 95 (1991), 433^59. 

[37] D. R. Yafaev: On the theory of the discrete spectrum of the three-particle Schrodinger operator, Math. 

USSR-Sb. 23 (1974), 535-559. 
[38] D. R. Yafaev: Scattering theory: Some old and new problems. Lecture Notes in Mathematics, 1735. 

Springer- Verlag, Berlin, 2000, 169 pp. 
[39] Yu. Zhukov, R. Minlos: The spectrum and scattering in the "spin-boson" model with at most three photons. 

Theoret. and Math. Phys. 103 (1995), no. 1, 398-411. 
[40] E. A. Zhizhina: Two-particle spectrum of the generator for stochastic model of planar rotators at high 

temperatures, J. Statist. Phys. 91 (1998), 343-368. 
[41] V. A. Zorich: Mathematical analysis I. Springer- Verlag Berlin Heildelberg 2004. 

1 INSTITUTFUR ANGEWANDTEMATHEMATIK,UNIVERSITATB0NN, WEGELERSTR. 6, D-53 115 BONN 

(Germany) 



2 SFB611, Bonn, BiBoS, Bielefeld -Bonn; 



ON THE SPECTRUM OF AN HAMILTONIAN IN FOCK SPACE 



25 



3 CERFIM, Locarno and Acc.ARch,USI (Switzerland) E-mail albeverio@uni.bonn.de 

* Samarkand State University, University Boulevard 15, 703004, Samarkand (Uzbek- 
istan) E-mail: lakaev@yahoo.com 

^ Samarkand State University, University Boulevard 15, 703004, Samarkand (Uzbek- 
istan) E-mail: rth@mail.ru 



